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Question 1: Instrumental Variables

Consider the model:
yi = β1x1i + β2x2i + εi

where x1i is endogenous (i.e. E[x1iεi] 6= 0) and where x2i is exogenous (i.e. E[x2iεi] = 0). Let
xi = [x1i, x2i]

′ and let β̂ = [β̂1, β̂2]
′ = ( 1n

∑n
i=1 xix

′
i)
−1( 1n

∑n
i=1 xiyi) be the OLS estimator of

β.

(a) Show that plim(β̂1) 6= β1 and plim(β̂2) 6= β2. (Hint: write out each of the individual
elements of each matrix.)

(b) Suppose that there is an instrument z1i that satisfies E[z1iεi] = 0 and E[z1ix1i] 6= 0. Care-
fully write out the first-stage equation for TSLS specifying exactly which variables are
included on the right-hand side.

(c) Let zi represent the column vector of covariates from the first-stage equation. Let π̂ rep-
resent the OLS estimator of the coefficients from the first-stage equation. An economist
estimates the following 2nd-stage equation by OLS:

yi = γ1x̂1i + γ2x2i + ui

where x̂1i = z′iπ̂. Show that this estimator is consistent for β1 and β2.

Question 2: Measurement Error

Consider the following population model with one covariate:

yi = βx∗i + ui

in which x∗i is latent (unobserved). The observed regressor is:

xi = x∗i + vi

in which vi is independent of ui. Further, we know that vi and ui are symmetrically dis-
tributed around 0.

(a) Detail why, in the presence of measurement error, β is not identified.

(b) Derive the plim of β̂OLS and an expression for the attenuation bias in terms of V ar(vi)
and V ar(x∗i ). Explain how this bias would affect your interpretation of the estimate of
β̂OLS .

(c) Suppose that there is an instrument zi that satisfies E[ziui] = 0 and E[zixi] 6= 0. You
estimate the following first-stage regression:

xi = πzi + εi1,

and the reduced-form equation:
yi = γzi + εi2.
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Show how your estimates of π̂OLS and γ̂OLS can be used to construct a consistent esti-
mator for β.

Question 3: Seemingly Unrelated Regressions

Consider the system of equations:

yi1 = x′i1β1 + ui1

yi2 = x′i2β2 + ui2

for which β = (β1, β2)
′ and Ui = (ui1, ui2)

′ with E[ui1] = E[ui2] = 0 and

E[UiU
′
i ] =

[
σ11 σ12
σ21 σ22

]
.

(a) What is the seemingly unrelated regressions (SUR) estimator for β? How does the SUR
estimator compare with the equation-by-equation OLS estimator of β?

(b) Let σ12 = 0. Show in detail how the SUR estimator compares to the OLS estimator.

(c) Let n = 2 so that there is only 1 observation for each equation. (For this case, xi1, xi2, β1,
and β2 are all scalars.) Show in detail how the SUR estimator compares to the OLS
estimator.
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